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Finite Volume Method for Radiation Heat
Transfer in Graded Index Medium

L. H. Liu*
Harbin Institute of Technology, 150001 Harbin, People’s Republic of China

Because a ray goes along a curved path determined by the Fermat principle, curved ray tracing is very difficult
and complex in a graded index medium. To avoid the complicated and time-consuming computation of curved ray
trajectories, a finite volume formulation is developed to solve the radiative-transfer problem in a multidimensional
absorbing-emitting-scattering semitransparent graded index medium. Three test problems in radiative transfer are
taken as examples to verify this finite volume formulation. The predicted temperature distributions and apparent
directional emissivity are determined by the proposed method and compared with data in the references. The
results show that the finite volume formulation presented in this paper has a good accuracy in solving the radiative
transfer problem in a multidimensional absorbing-emitting-scattering semitransparent graded index medium.

Nomenclature

A = surface area of cell, m?

b = asymmetry factor of scattering

D = direction cosine integrated over control solid
angle

E s = rms error of apparent directional emissivity,
defined in Eq. (27)

e; = unit outward normal vector at the ith surface
of cell volume

H = height of medium, m

1 = radiative intensity, W/m?sr

1, = blackbody radiative intensity, W/m?sr

i,j,k = unit vectors into the x, y, and z directions,
respectively

L = thickness of slab, length, m

Np = total number of surface for a cell

Ny = number of spatial control volumes

Ny, Ny, N. = number of discretizations in x, y, and z
directions, respectively

Ny = number of polar angular discretizations

N; = number of discretizations in & direction

N, = number of azimuthal angular discretizations

n = refractive index

n; = refractive index at the ith surface

Ny, = refractive index at node P;

r = spatial position vector

s = abscissa along the ray trajectory, m

s = vector defined in Eq. (17b),
§1=—ising +jcos g

T = temperature, K

X, v,z = Cartesian coordinates in the coordinate system
X—o—y

X'y = Cartesian coordinates in the coordinate system
xX'—o—y

o, B,y = refractive index derivatives, defined in Eq. (9)

AV = volume of control volume, m?

A0 = polar angle step, rad

Ag = azimuthal angle step, rad

AQ = control solid angle, sr
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£ = emissivity
Egout = apparent directional emissivity
Egout, FVM = apparent directional emissivity obtained by

finite volume method )
= apparent directional emissivity obtained by

ray-tracing method

€ @Qout.ray—tracing

n = direction cosine, n = sin @ sin ¢

0 = polar angle, rad

Ka = absorption coefficient, m™"

Ky = scattering coefficient, m~!

% = direction cosine, = siné cos ¢

& = direction cosine, = cosf

o = Stefan-Boltzmann constant, W/m?K*

TH) = optical thickness based on half height,
Ty =K, +K)H /2

173 = optical thickness of slab, t;, = (k, + x5)L

P = scattering phase function

@ = averaged scattering phase function defined
in Eq. (20g)

7 = azimuthal angle, rad

Dout = emerging angle, rad

©o = transformation angle of coordinate system, rad
coefficients of the discretization equation,
defined in Eqs. (20b) and (20c)

Q = solid angle, sr

Q = vector of radiation direction, Q2 =iy +jn + k&
w

\%

>
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>~
s
I

= single scattering albedo, =« /(k, + k;)
= spatial divergence operator, =i(d/9x)
+j(8/0y) +k(3/9z2)

i = value at the ith surface of cell
L = atpositionz=1L
P = value at the center of cell volume

P; = value at the center of cell volume neighboring
pth cell

0 = atposition z =0

Superscripts

m,n,m, = angular direction of radiation

n',m=x1/2,

nt1/2

I. Introduction

ECAUSE of the structural characteristics of a material or a pos-
sible temperature dependency, the refractive index of a medium
can be a function of spatial position. In this case, rays propagating
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inside the medium are not straight lines, but curved lines determined
by the Fermat principle.! Radiative heat transfer in a semitranspar-
ent medium with variable spatial refractive index (graded index) is
of great interest in thermo-optical systems and has evoked the wide
interest of many researchers. As early as 1993, Siegel and Spuckler?
analyzed variable refractive index effects on radiation in semitrans-
parent scattering multilayered regions and pointed out that refractive
indices of semitransparent sublayers inside a composite could have
considerable effect on the temperature distribution and radiative flux
fields. Curved ray tracing is the main difficulty for the solution of
radiative transfer in a medium with variable spatial refractive index.
Recently, many ray-tracing techniques have been presented to solve
the radiative-transfer problem in a semitransparent medium with
graded refractive index. Ben Abdallah and coworkers®~® developed
and used a curved ray-tracing technique to analyze radiative heat
transfer in an absorbing-emitting semitransparent medium with vari-
able spatial refractive index. Liu’ presented a discrete curved ray-
tracing method, in which the curved ray trajectory is locally treated
as straight line. Based on the discrete curved ray-tracing technique,
Liu et al.® developed a Monte Carlo discrete curved ray-tracing
method, in which the Monte Carlo method is combined with the
discrete curved ray-tracing method. Ben Abdallah et al.’ proposed
anintegrated form of the radiative-transfer equation along the curved
ray trajectory inside refracting cylindrical media. Huang et al.!®!!
presented a combined curved ray-tracing and pseudosource adding
method for radiative heat transfer in a one-dimensional semitrans-
parent medium with graded refractive index. Because the ray goes
along a curved path determined by the Fermat principle, curved ray
tracing is very difficult and complex in a medium with variable spa-
tial refractive index. Therefore, methods based on curved ray-tracing
techniques are mainly limited to one-dimensional radiative-transfer
problems. The multidimensional radiative-transfer problem within
a graded index medium has been addressed only by Ben Abdallah
and Le Dez* for the apparent emissivity of a two-dimensional rect-
angular medium with spatially varying refractive index. A gen-
eral method applicable to radiative transfer inside multidimensional
semitransparent media with a graded refractive index is not presently
available.

The finite volume method (FVM), because of its general appli-
cability and its ability to treat complex geometry, is today probably
the most popular method to solve the radiative-transfer problem in
a medium with uniform refractive index. The first finite volume for-
mulations of the radiative-transfer equation were given by Raithby
and coworkers.!2~!* Different schemes have been proposed by Chai
and coworkers.!>~!'” However, because the ray goes along a curved
path, the streaming operator d/ds in the radiative-transfer equation
contains not only the spatial differentiating operators but also the
angular operators; therefore, the divergence theorem and then the
FVM cannot be directly used to solve the radiative-transfer problem
within a medium having a graded refractive index. To avoid the com-
plicated and time-consuming computation of a curved ray trajectory
and to develop a general method applicable to radiative transfer in-
side multidimensional semitransparent media with graded refractive
index, in this paper we first transform the radiative-transfer equa-
tion. After that, based on the transformed equation, we develop a
finite volume formulation for radiative heat transfer in a multidi-
mensional semitransparent medium with graded refractive index.
Finally, some radiative-transfer problems inside a semitransparent
graded index medium are taken as examples to verify this finite
volume formulation.

IL.

A. Radiative-Transfer Equation

The radiative-transfer equation at steady state in an absorbing-
emitting-scattering semitransparent graded index medium is given
by
2 d |:I(r, Q)

Mathematical Formulation

ds |~ n2 } + (kg + 1)1 (r, Q) = n’ica 1y (r)

+i/ I(r, Q)Y®(Q, Q)dQ’ (1)
. J,.
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Fig. 1 Cartesian coordinate system.

To use the finite volume method, Eq. (1) needs to be transformed
so that the divergence theorem can be applied to integrate the
radiative-transfer equation. In the Cartesian coordinate system
shown in Fig. 1, the radiative intensity is a function of variables
X,y,z,0,and ¢. When moving along one given path, the streaming
operator d/ds can be split into

d dxd dyad dzd d0d dypd

— = — -+ — — — 2

ds dsodx ds dy + ds 9z ds 06 ds dg @
Because dx = uds, dy =nds, and dz =£ ds, we have
d d d 9 do o dp o

- —p— il e R A 3

ds M3x+n8y+éaz+ds 00  ds dg ®

where @, n, and & are the direction cosines of the local tangent
vector of ray trajectory along the Cartesian coordinate x, y, and z
directions, and given by

L= sin@ cos ¢ (4a)
n = sin6 sin ¢ (4b)
& = cosb (4¢)
By differentiating Eq. (4) with respect to s, we have
d d(sin @ de d
L M = cosf cosp— —sinf singa—(p (5a)
ds ds ds ds
d d(sin @ si do d
£=w=cosesmwa+ sin@cos<p£ (5b)
d de
—S = —sinf — (5¢)
ds ds
The result is
de ! cos dn sin du (6a)
e 1 sino—2=
ds sin6 ¢ ds ¢ ds
de 1 d
P-__L<& (6b)
ds sinf ds
From the ray equations'
L oy = 2 (7a)
() = —
ds H ox a
L iy =22 (7b)
—(nn) = —
ds 7 ay
4 gy =2 (7¢)
—(né)=— c
ds 0z



we have
du 11 dn 8n+ 3n+§8n
ds ~ n|ox ’ Max "ay 0z
=a—pupa+np+Ey) (8a)
dp 1| oan 3n+ 3n+53n
ds ~ nlay 7 Max ”ay dz
=B —n(ua+nB+&y) (8b)
d¢ 1| on on an on
aw[&*(“a“a*%)]
=y —&pat+nB+iy) (8¢)

where the refractive index derivatives «, 8, and y are defined re-
spectively as

1 9n 1 on? %)
== ———-—
nox 2n? 0x
10 1 on?
p=-T=— (9b)
ndy 2n? dy
10dn 1 an?
y=—"=5 (9¢)

Thaz  2n? 9z

Substituting Eq. (8) into Eq. (6) results in the following relations:

dp 1 o

E_—Sine[ﬂcosw o sin @] (10a)
de 1
d—=.—[§(w+nﬁ+$y)—7/] (10b)
s sin6

Therefore, the streaming operator d/ds in Eq. (3) can be written as

d 8+8+§8+1 [E(ua+nB+Ey) ]a
e_ 08 0 8 11 . a8
as Hox Ty T T | SO TIPSV TV,

a
+[ﬂcos<p—asin¢)]—} (11)
dg
By using the following relations,
P (L P (12a)
Faox\z ) = ox n ox Mox ”
a (1 al  2nl on al
wn—(=)=nm————=n—-28n1  (12b)
ay \ n dy n ady ay
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nza 1\ _dl (124)
a0 \n2) 90
9 (1 al
=== (12e)
dp \ n? ap

The radiative-transfer equation can be expressed in a nonconserva-
tive form as

al (r, ) al (r, Q) ol (r, )
n +n +é&

ax ay 0z
1 al(r, Q)
+m [E(na+nB+Ey) — )’]T
) 9)}
+[Bcosp —asingp] ———
dp

+ (ko + kg = 2(ua + 0B+ 5V (r, Q)

= n2;<a1,,+ﬁ/ [(r, Q)P (Q, Q)dQ’ (13)
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From Eq. (13), by using the following relationships,

(Bcose —ozsin(p)M

= i[(,8 cos¢ —asing)l (r, Q)]
17 ap

+ [Bsing +acos @]l (r, 2) (14a)

AT, Q) 9

(E(na+nB+E&y)—v] Y R ﬁ{[é(lwe+nﬁ+$y) -7l

x 1(r, )} — (xcosgp+ Bsing)l (r, 2)

+2sinf(na+nB+Ey)I(r, Q) (14b)

the conservative form of radiative-transfer equation can be written

as

al(r, Q) al(r, Q) al(r, Q)
I +n +é
ax ay 0z

1 9

+ mﬁ{[é(lw+nﬁ+€7/) -yl (r, )}

1 9
+ ———{[Bcosg —asingll (r, D)} + (ka + 1)1 (r, Q)
sinf dg

=n*k, 1, + Ll / I(r, Q)®(R2, Q)dQ’ (15)
. J,.

or expressed in divergence form as
1 d
QVIE QD+ ———{[Ir, QDEN—k) - Vn®
r )+2n2sin939{[ r, Q)¢ ) Vn7l)

19
* W@{’(” Q[s1- Va2 ]} + (ka + k)1, Q)

=n2:<a1,,+ﬂ/ I(r, 2)®(Q, Q) de (16)
7 J,.

where

Q=iu+jn+k&E=isinfcosp+jsinfsing+kcost (17a)

§; = —ising +jcosg (17b)

Terms involving a partial derivative with respect to an angular co-
ordinate in Eqs. (15) or (16) are referred as angular redistribution
terms, which account for the curvature of the optical path in the
graded index medium.

B. Discretization

Equation (16) involves not only spatial differentiation but also an-
gular integration. To solve this equation numerically, both the spatial
domain and the angular domain must be discretized. Similar to the
treatment of the finite volume method for radiative heat transfer in
a medium with uniform refractive index, the spatial computational
domain is subdivided into Ny spatial control volumes. The types
of control volumes can vary from triangular to quadrilateral for
two-dimensional problems and from tetrahedral, prismatic, pyrami-
dal, to hexahedral for three-dimensional problems. Considering that
Eq. (16) contains two angular redistribution terms, we employ the
piecewise constant angular quadrature. The total solid angle is sub-
divided into Ny x N,, control solid angles with polar and azimuthal
steps, AQ =0"+1/2 _gm=1/2 and Ap ="+ 12 — 9" =172, respec-
tively. Integrating Eq. (16) over cell volume and solid angle along
a discrete direction ™" with the assumption that the magnitude of
intensity in a given direction is constant within control cell volume
and control solid angle, and using the divergence theorem leads to



62

the following discretized equation:

Np
E [,-m'nA,'/ (Q'e,')dQ
AQM.N

i=1
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Equation (18) can be compactly rewritten as
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1 1 1
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where
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To close Eq. (19), relations are needed between the intensities
on the cell surfaces and the cell center intensities. One appropriate
closure relation is based on the step schemes that set the downstream
surface intensities equal to the upstream center intensities. Those

are
AD!"" 1" = (n? [n7,) max (A; D", 0)1}"

— (n}/n},) max(—A; D", 0) 17" (21a)
(0 )

— max(—x) T 0) 1t (21b)
A max (A o)

— max(—x, ", 0) 12 2lo)
R (o)

— max(—xp" "2 0) 1! 21d)
T = max (o)

—max(—x,  2,0)I}" (21e)

where P; is the neighboring cell of cell P with the ith surface as
the common face between P and P;, and /7" denotes the intensity
within cell P;. In Eq. (21a), the factors n,2 / n% and ”12 / n%,v account for
the change of solid angle when a radiative energy bundle passes into
a medium with different refractive index. By moving the forward
scattering term from the right side of Eq. (19) to the left side and
using the closure relations given in Eq. (21), the final discretized
equation of radiative transfer in a three-dimensional medium with
variable spatial refractive index becomes

Np 2
|:Z n—; maX(AiD;"’", 0) + max()(:+%’n, 0)

n
i=1"P

m—

+ max(—)(g %’", 0) + max()(;1’"+%,0)

m,r -3 m,n
+max(—xg "7, 0) + AVRAQ" (0 p + K, p)

Qm,nKS~P N NINIIN] Qm,n ]m,n
— AVpAQ E B A K

Np nz
= = max (=4, D", 0)I}"
" ,

i=1 P

+ max(—)(;'1+%"1, O)IZ’H’" + max()(;" %’n, O)I;',’_]‘”

1 _1
+ mal)c(—)(<zl')1+2,O)I,',""’Jrl + max()(;n’n 2,0)1p" !

Ks
+ AVp AQ " n2 iy p Ly p + AVp AQ"" 4—”’

« Z I;r’.n’ q‘);’,n’:m,nAQm’,n’ (22)

m'.n"sm#m' ,n#n'

T

Equation (22) is a general finite volume formulation for the radiative
transfer inside multidimensional semitransparent media with graded
refractive index. It is applicable for any type of volume cell shape,
structured or unstructured.

The preceding discretization is carried out in one discrete ordi-
nate direction. The same discretization procedure is applied to all
discrete ordinate directions. This forms a set of algebraic equations.
The solution procedure and the iteration method applied to the dis-
cretized equation for a medium with variable spatial refractive index
are similar to those for the medium with uniform refractive index.
The details can be seen in Refs. 12—18 and will not be repeated here.



Fig. 2 Physical geometry of slab.

III. Results and Discussion

Based on the theoretical and numerical analyses just carried
out, a computer code that is capable of modeling multidimensional
radiative-transfer problems in a graded index medium has been de-
veloped. Grid-refinement studies were also performed for the physi-
cal model to ensure that the essential physics are independent of grid
size. To help validate the finite volume formulation just presented,
three test problems are examined. The test cases are selected because
exact, or at lease very precise, solutions of the radiative-transfer
equation exist for comparison with the finite volume solution. For
the following numerical study, the maximum iteration relative error
10~* of desired variable is taken as the stopping criterion for the iter-
ation. To check the computational accuracy of FVM, the maximum
relative error based on data in the references is defined as

maximum relative error

data obtained by FVM-data in references
= max - (23)
data in references

A. Radiative Equilibrium in a One-Dimensional Slab

As shown in Fig. 2, we consider a problem of radiative equilib-
rium in a one-dimensional semitransparent gray absorbing-emitting-
scattering slab with thickness L. The boundaries are opaque, diffuse,
and gray walls. The emissivities of the bounding walls are ¢y and
g, and the temperatures of the bounding walls are Ty = 1000 K
and T, = 1500 K, respectively. The scattering phase function is as-
sumed to be linear as ® (', Q) =14 (2 - Q). The absorption co-
efficient «, and scattering coefficient «; are uniform over the slab,
but the refractive index n of the medium varies with coordinate z.
The boundary conditions are given by

20’1-'()4 ’ Nl ’
1(0, ) L +2(1—¢) [ 1(0,8)§"dE §>0 (24a)
—1

4 1
I(L. s>=emi% +201 —en/I(L,s/)é/ds’ £<0 (24b)
0

The FVM is applied to this one-dimensional problem. Linearly and
sinusoidally varying refractive indices are considered. The regions
of z € [0, L] and & = cosO € [—1, 1] are uniformly divided into
N, =500and N¢ = 500 parts, respectively. At radiative equilibrium,
the temperature distribution within the medium is determined by

x N¢ 0.25
T(z)= [mn;uz, sms} (25)

The temperature distribution within the slab is shown in Fig. 3 for
two values of optical thickness, namely, 7, = 1.0 and 3.0, in the case
of n(z)=12+40.6z/L, ¢y =€, =1, and w =0. This case was also
used as a test case by Huang et al.!! using the pseudo source adding
method. As shown in Fig. 3, the FVM results are in good agreement
with the results obtained by using the pseudo source adding method.
The maximum relative error based on the data in Ref. 11 is less than
1%. The effects of number of control volumes and angular dis-
cretization are shown in Fig. 4 for the case of n(z) =1.2+40.6z/L,
7. =1,80=¢, =1, and w =0. The comparison is quite good, even
with a mesh of only N. x Ng =10 x 10.

An anisotropically scattering slab with single scattering albedo
w=0.8 is studied by using FVM. The slab is bounded by black

63
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Fig. 3 Temperature distribution within a slab for the case of
n(z)=12+0.6z/L,eg=¢;,=1,and w=0.

1500
1450
1400+
) |
&
1350
] Ny xN, =10x10
13004 Ny xN, =50x50
I N, x N, =500x500
1250 +————7—————

0.0 0.2 04 0.6 0.8 1.0
z/L

Fig. 4 Effects of number of control volumes and angular discretization
in the case of n(z)=1.2+0.6z/L, 7., =1,e9=er =1, and w =0.

1500

00 02 04 06 038 1.0
z/L

Fig. 5 Temperature distribution within a slab for the case of
n(z)=12+0.6z/L, 7, =1,e9= €. =1,and w=0.8.

walls, and the slab optical thickness is 7, = 1.0. The refractive in-
dex of medium within the slab varies linearly with axis coordi-
nate as n(z) = 1.2+ 0.6z/L. Liu et al."” studied this case using the
Monte Carlo curved ray-tracing method. The temperature distribu-
tions within the slab are shown in Fig. 5 for two different values
of asymmetry factor, namely, »=1 and —1, and compared to the
results obtained from the Monte Carlo curved ray-tracing method.
The FVM results agree with those of the Monte Carlo curved ray-
tracing method very well. The maximum relative error based on the
data in Ref. 19 is less than 3%.
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Fig. 6 Temperature distribution within a slab for the case of
n(z)=1.8 — 0.6 sin(wz/L), 77,=1, and w =0.

y

Fig. 7 Two-dimensional rectan-
gular medium and the coordinate
system.

¢out

A nonlinear refractive index is also studied by using FVM. The
refractive index of the medium varies sinusoidally with axis coordi-
nate as n(z) =1.8 —0.6sin(zrz/L). The medium is nonscattering,
and the slab optical thickness is 7, = 1.0. Figure 6 shows the tem-
perature distributions within the slab for two different conditions of
wall emissivity, namely, &g =&, =1 and gp =&, =0.7. As shown
in Fig. 6, the FVM results are in good agreement with the results
obtained by Tan et al.?’ using the pseudo source adding method.
The maximum relative error based on the data in Ref. 20 is less than
2%.

B. Apparent Directional Emissivity of a
Two-Dimensional Rectangular Medium

As shown in Fig. 7, we consider a two-dimensional rectangular
absorbing-emitting but nonscattering grey semitransparent medium
with length L =0.1 m and height H =0.1 m. The boundaries are
smooth and semitransparent surfaces. The medium is isothermal
and surrounded by a vacuum. The absorption coefficient is uniform
within the medium at k, = 10 m~', but the refractive index is a linear
function of spatial position

n(x,y)=11+0.6x/L+0.2y/H (26)

FVM is applied to solve for the apparent directional emissivity
emerging from the plane z = constant. The spatial domain is uni-
formly divided into N, x Ny, =400 x 400 parts, and the angular do-
main into N, = 360 parts. Reflection and refraction at the boundary
surfaces are treated according to Snell’s and Fresnel’s laws. The de-
tails can be seen in Ref. 21, and so will not be repeated here. Figure 8
shows the perpendicular component of apparent directional emisiv-
ity at the position x =0.025 m and y = 0.0 m, and compared to the
results obtained by Ben Abdallah et al.* using the curved ray-tracing
method. As a whole, FVM results are in good agreement with the
results obtained by the curved ray-tracing method. However, the
sharp peaks of the emissivity profile are smoothed in the results
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Fig. 8 Apparent directional emissivities emerging at the point
x=0.025m and y =0.0 m.

Fig. 9 Coordinate transfer
and grid system.

obtained by FVM. Even so, the rms error, defined as follows, is less
than 0.04,

1 /2 7
Erms = I:; / (g(pom.FVM - 8<p0u[,ray—tracing)2 d‘puul} (27)
—n/2

C. Radiative Equilibrium in a Two-Dimensional Medium

Recently, multidimensional radiative transfer within a graded in-
dex medium has been reported only by Ben Abdallah et al.* for the
apparent emissivity of a two-dimensional rectangular medium with
spatially variable refractive index. To further verify the finite vol-
ume formulation just presented for radiative transfer in the medium
with variable spatial refractive index, we make a coordinate trans-
formation in the one-dimensional problem solved in part A. As
shown in Fig. 9, by transforming through an angle ¢, = /6 in the
paper plane the coordinate system x’ — o — y’ is transformed into
x — o — y. Then, in the new coordinate system x — o — y the varia-
tion of refractive is two dimensional as

n(x,y)=1.24+0.6(x cosgy— ysingy)/L (28)

FVM is applied to solve this two-dimensional radiative equilibrium
problem in the new coordinate system x —o — y. The upper and
lower boundaries are open boundaries. We are only interested in the
temperature distribution for the domain near the site y = 0. As pro-
posed by Liu and coworkers,?>?? if the open boundaries are treated
as black walls with local medium temperature, in order to get rea-
sonable numerical results the open boundaries need to be set up far
from the zone of interest, more than 2.0 optical thicknesses away.
For the case of x, = 10 m~! and @ = 0, in this paper the height is se-
lected as H = 1 m so that the optical thickness based the half-height
is TH) = 5.
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Fig. 10 Temperature distribution solved as two-dimensional problem
for the case of g =7 =1and w=0.
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Fig. 11 Effects of number of control volumes and angular dis-
cretization in the case of 7.=1, 9= €.=1, and w=0: 1, Ny X Ny =
10 X 20,Ng X Ny, =9 X 18;2,N, X Ny =20 X 40,Ng X N, =9 X 18;3,
Ny X Ny =20 x 40, Ng X N, =18 X 36; and 4, N, X Ny =40 x 200,
Ng X N, =18 x 36.

For this two-dimensional problem, the spatial computational do-
main is uniformly subdivided into N, x N, =40 x 200 spatial con-
trol volumes, and the total solid angle is uniformly subdivided into
Ny x N, =18 x 36 control solid angles. The temperature distribu-
tionat y =01is showninFig. 10 forthecaseof r, =« L =1.0,w =0,
and gy = ¢, = 1, and is compared with the results found for the one-
dimensional problem by using the pseudo source adding method.
FVM results are in good agreement with the results obtained by us-
ing the pseudo source adding method. The maximum relative error
based on the data in Ref. 11 is less than 1%.

The effects of number of control volumes and angular discretiza-
tion are shown in Fig. 11 for the case of 7, =1, g =¢;, =1, and
w =0. The comparison is quite good, even with a mesh of only
N, x Ny =10 x 20 and Ny x N, =9 x 18. The convergence of the
FVM is demonstrated in this figure.

IV. Conclusions

Because aray goes along a curved path determined by the Fermat
principle, curved ray tracing is very difficult and complex in a graded
index medium. To avoid the complicated and time-consuming com-
putation of curved ray trajectories, the original radiative-transfer
equation is transformed so that the divergence theorem and finite
volume integration can be easily used. Then, a finite volume for-
mulation is developed to solve the radiative-transfer problem in
a multidimensional absorbing-emitting-scattering semitransparent
medium with variable spatial refractive index. Three test problems
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of radiative transfer are taken as examples to verify this finite volume
formulation. The predicted temperature distributions and apparent
directional emissivity are determined by the proposed method and
compared with data in the references. The results show that the
finite volume formulation presented in this paper has good accu-
racy in solving the radiative-transfer problem in a multidimensional
absorbing-emitting-scattering semitransparent medium with vari-
able spatial refractive index.
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